The paper develops an Artin-Schreier theory for valued elds: mutatis mutandis, valuations on any eld F are encoded in the absolute Galois group G F of F , just like orderings. We present a Galois characterization of henselian elds as well as a purely group theoretic characterization of decomposition subgroups of G F for arbitrary elds F . The approach is elementary and self-contained.
Introduction

The question
Artin-Schreier-theory for ordered elds may be viewed as a way of encoding orderings on a eld F in its absolute Galois group G F := Gal(F sep =F): F is real closed i ]G F = 2 i 1 < ]G F < 1; F is formally real (i.e. admits an ordering) i G F contains an involution (= an element of order 2); and the orderings on F are in canonical 1-1 correspondence to the conjugacy classes of involutions in G F .
Given the long list of analogies between orderings and valuations, it is quite natural to ask for a valuation theoretic counterpart: are valuations on a eld F encoded in G F ? In particular, is being henselian (a pendant to being real closed) a Galois-theoretic property? And, even asking for more, is there a Galois characterization of henselisations, i.e. a group theoretic characterization of decomposition subgroups of G F ? The answer is yes (with few exceptions).
Notation
For a valued eld (F; v) we denote the valuation, the valuation ring, its maximal ideal, the residue eld and the value group by v, O v , M v , Fv, and ? v 1.3 .1 Tamely branching henselian elds Theorem 1 A eld F admits a tamely branching henselian valuation i G F has a non-procyclic Sylow subgroup P 6 = Z 2 X I Z=2Z with a non-trivial abelian normal subgroup N < P.
One direction of this Galois characterization of henselian elds is an immediate consequence of Hilbert rami cation theory: if F admits a henselian valuation v which is tamely branching at p then the inertia subgroup of a Sylow-p-subgroup P of G F is a non-trivial abelian normal subgroup of P and P is neither procyclic nor isomorphic to Z 2 X I Z=2Z.
Theorem 1 characterizes all tamely branching henselian valued elds in Galois-theoretic terms. But for henselian elds which are not tamely branching henselianity does not show in the absolute Galois group, as the following examples illustrate: Here R ? denotes a nonstandard extension of the reals (with the convex hull of Z as non-trivial henselian valuation ring), R is any real closure of Q, is any element 2 G Q with h i =Ẑ, p Q p is the xed eld of a Sylow-p-subgroup of G Q p and K is the non-henselian eld with G K = Gp Q p constructed in MW], Remark 2.6.
There are two key ingredients in the proof of Theorem 1 (which was rst proved as Corollary 2.5 in Ko6]). One is a Galois-characterization of socalled p-henselian elds ( EN] for p = 2 and EK] for p > 2). We give a new elementary proof of this characterization in section 2. The other ingredient is the observation that if the xed eld of a non-trivial Sylow-subgroup of G F admits a non-trivial henselian valuation then | apart from one exception | so does F (Theorem 3.1).
Abstract decomposition subgroups of G F
We have to face two speci cally valuation theoretic phenomena where the analogy between henselian elds and real closed elds fails. One is that a henselian valuation (uniquely) extends to a henselian valuation on any algebraic eld extension, while real closed elds are algebraically maximal w.r.t. their ordering. The other is that henselian valued elds may have di erent henselian valuations, whereas real closed elds are uniquely ordered.
So, given an arbitrary eld F, we can use Theorem 1 only to describe the subgroups of G F correpsonding to separably algebraic extensions of F with tamely branching henselian valuations. However, it does not provide a criterion indicating which of these subgroups correspond to henselisations of G F w.r.t. tamely branching valuations on F, i.e. it gives no group theoretic characterization of decomposition subgroups of G F .
The rst naive guess in this direction would be to try maximal subgroups of G F of this type. And indeed, if F | like all global elds | admits only tamely branching valuations of (archimedean) rank 1 then the decomposition subgroups of G F are exactly the maximal subgroups of G F which have a nonprocyclic Sylow subgroup P 6 = Z 2 X I Z=2Z with a non-trivial normal abelian subgroup N < P.
The general case is slightly more involved. We have to con ne our characterization to decomposition subgroups of G F w.r.t. regular tamely branching valuations v on F: we call a tamely branching valuation v on F regular if ? v has no non-trivial convex subgroup which is p-divisible by all primes p at which v is tamely branching.
Passing to the quotient of ? v by a maximal convex subgroup of this type canonically associates to any tamely branching valuation v a regular (at the same primes) tamely branching coarsening of v. Of course, tamely branching rank-1 valuations are always regular.
We will see that, in general, there can be no group theoretic characterization of decomposition subgroups of G F w.r.t. non-regular tamely branching valuations on F (Example 4.7). Our characterization requires some more notation. Let F be a eld and let p be a prime. For any pro-p subgroup P of G F the (topological) closure in G F of the union of an ascending chain of subgroups of G F with P as Sylow-p-subgroup has, again, P as Sylow-p-subgroup. So there are (w.r.t. inclusion) maximal subgroups with this property and we may de ne D(P) := fD G F j D maximal with P D and p 6 j D : P]g: By Corollary 4.2, any pro-p subgroup P of G F has a unique maximal normal abelian subgroup which we denote by N P < P. Still xing a prime p, let P p := P p (G F ) := fP G F j P pro-p gp. 6 = Z p ; Z=2Z or Z 2 X I Z=2Z & N P 6 = 1g 4 and de ne a partial order` ' on P p : P; P 0 2 P p : P P 0 , P P 0 and N P = N P 0 \ P:
Since, again, the closure in G F of the union of an ascending chain of elements in P p belongs to P p , there are maximal elements in P p . Write P p;max := fP 2 P p j P maximal w.r. We will see that an abstract decomposition subgroup of G F which is not anabelian may or may not be a decomposition subgroup of some valuation on F (Example 4.6).
As a boarder line case, an anabelian abstract decomposition subgroup may happen to be abelian (as pro nite group), thus forgetting its anabelian origin (Example 4.8). Note that the Hensel equivalence class of a regular anabelian tamely branching valuation on F may contain non-regular anabelian tamely branching valuations or valuations which are not tamely branching at all.
1.4`Historical' remarks
The Hasse{Brauer-Noether local-global-principle for the Brauer group of algebraic extensions of global elds may be considered as the rst instance of detecting valuation theoretic information in the absolute Galois group of a eld: by Galois-cohomology, the Brauer group of F is determined by G F (Br(F) = H 2 (G F ; Q=Z)).
The wish to nd a Galois characterization of the most classical henselian elds, the elds Q p of p-adic numbers, or, more generally, of p-adically closed elds, seems to go back to Krull. The rst result in this direction was Neukirch's Galois characterization of Q p \Q among the sub elds of Q ( N]), making substantial use of the local-global-principle for the Brauer group. Pop then discovered a relative local-global-principle for the Brauer group of function elds over p-adically closed elds and thus arrived at a Galois characterization of p-adically closed elds among all elds F (of characteristic 0) withF = FQ ( Po1] The rst | and to my knowledge the only | group theoretic characterizations of decomposition subgroups beyond the number eld (and the henselian) case are Bogomolov's characterization of inertia groups for`divisorial' valuations on function elds in at least two variables over an algebraically closed eld ( Bo] , Lemma 4.1), and Pop's Galois characterization of`defectless divisorial' valuations on elds which are nitely generated over their prime eld ( Po2] , Theorem 1.16; a di erent characterization can be obtained from Sp], Proposition 2.6). It is easy to see that all these valuations are anabelian regular tamely branching valuations. So our Theorem 2(b) may be considered as a generalisation to arbitrary elds and almost arbitrary valuations.
What's new?
This paper was designed to reproduce my report on the`Galois characterization of henselian elds' (Theorem 1) presented at the Valuation Theory Conference in Saskatoon in summer 1999. Meanwhile, however, we considerably simpli ed the original proof (Corollary 2.5 in Ko6]) by the observation that henselianity is inherited from`Sylow-elds' (Theorem 3.1). This observation then made clear that the same valuation theoretic techniques as for the proof of Theorem 1 could be further exploited to develop a full general account of decomposition subgroups of absolute Galois groups. Since this problem could sofar only be solved in very special situations (see above), we thought it worthwhile to include our general solution in this paper.
Another novelty in our approach is the fact that it is completely elementary. In particular, no Galois cohomology is required (except, perhaps, for the concluding examples). So we also give a new elementary proof for A By Hensel's Lemma (or the p-henselian analogue) v is then henselian (resp. p-henselian) i both w and v=w are henselian (resp. p-henselian).
Generalizing the theorem of F.K.Schmidt that a non-separably closed eld admits at most one henselian rank-1 valuation, Engler and Endler show in EE] that on any eld two henselian valuations with non-separably closed residue eld are comparable, that, if there is any, then there is a coarsest valuation among the henselian valuations with separably closed residue eld and that each of them is ner than any henselian valuation with nonsepararbly closed residue eld.
In order to prove the p-henselian analogue of these results we need the following slight generalisation of the Proposition in EP]:
Lemma 2.5 Let (F; v) be a valued eld and let E=Fv be a nite abelian Galois extension such that 8 6 j exponent of A := Gal(E=Fv). Then there is a purely inert Galois extension (L; w)=(F; v) with Lw = E; so, in particular, Gal(L=F) = Gal(E=Fv) = A. Proof: We may assume A to be cyclic of order p n for some prime p and some n 2 N, where n 2 for p = 2.
Then As v is now a rank-1 valuation, (K; v) is dense in its henselisation(F;v) (or, equivalently, the completion of (F; v) is henselian). Let T be the inertia subgroup of GF and let be the compositum of the epimorphisms
Then the xed eld of the kernel of is a purely inert A-extension lifting E=Fv. Now Proof: Let g(t 1 ; . . . ; t r ; X) 2 F t 1 ; . . . ; t r ; X] be a generic polynomial for Z=pZ-extensions over F. Assume v; w are independent p-henselian valuations and F 6 = F(p). Then there are a; b 2 F r such that adjoining a zero of g(a; X) to F gives a Galois extension of degree p, whereas g(b; X) has a zero in F. Now approximate a w.r.t v and b w.r.t. w well enough by some c 2 F r to guarantee (with Krasner's Lemma) that g(c; X) generates the same extension in the henselisation of (F; v) as g(a; X) and that g(c; X) has a zero in a henselisation of (F; w). Then g(c; X) is irreducible and, by genericity, thus generates a Z=pZ-extension of F. In particular, g(c; X) splits in linear factors over F(p) 
The wonderful creation of rigid elements
To keep the treatment self-contained, we reproduce here the proof of Ko4], Lemma 3.3 which generalizes Ko3], Proposition 3.1, and which is also implicit in HJ], 2.4-2.6. It gives a criterion for the existence of rigid elements. As the heading indicates, we still don't have a good understanding why the criterion works. There should be some K-theory behind it, yet, sofar, it could not really be traced. Of course, trivial K-theoretic reformulations as 
v).
It is also clear that one has to exclude the exceptional cases G F (p) = Z p , Z=2Z or Z 2 X I Z=2Z: each of them occurs among elds with and without any p-henselian valuation:
where the eld F is a sub eld ofQ which is algebraically maximal w.r. Hence, by Lemma 2.14, there is a proper subgroup T F with (F ) p T such that any x 2 F n T is T-rigid. 
The general case
In order to prove the general case of the non-trivial direction of Theorem 2.15 for primes p > 2, let F be a eld containing p and assume that G F (p) has a non-trivial abelian normal subgroup N. Let L be the xed eld of N.
If rk N > 1, then N = Z p for some > 1 and there is a subgroup H N with H = Z p Z p . Let E be the xed eld of H. Then, by the classical case, E admits a p-henselian valuation v with ? v 6 = p? v and char Ev 6 = p, and we may assume that v is a coarsening of the canonical p-henselian valuation. Therefore, by Proposition 2.10, v j L is again p-henselian (H < N) and it is a coarsening of the canonical p-henselian valuation on L. Repeating the argument for the Galois extension L=F, we nd v j F again p-henselian and, of course, still with non-p-divisible value group and char Fv 6 = p. Now assume rk N = 1, i.e. N = Z p . Since G F (p) 6 = Z p , we nd some 2 G F (p) For the non-trivial direction of Theorem 1 we assume that F is a eld whose absolute Galois group G F has, for some prime p, a Sylow-p-subgroup P with a non-trivial normal abelian subgroup N < P. We further assume P to be not isomorphic to Z p , Z=2Z or Z 2 X I Z=2Z. We will nd a henselian valuation v on F tamely branching at p, i.e. with ? v 6 = p? v and char Fv 6 = p.
We rst have to check that char F 6 = p. As in the proof of Theorem 2.15, P (and so G F ) has a subgroup of the shape Z p X I Z p , say with xed eld L F , then so are ; ; 2 L( ) modL( ) (p) , where p ? = a, = b and = .
To prove this fact, assume that for some i; j; k 2 F p and for some = c 0 + c 1 + . Corollary 4.2 Let F be a eld and let P be a pro-p (not necessarily Sylow) subgroup of G F . Then: (a) There is a unique maximal normal abelian subgroup N P < P containing all other normal abelian subgroups of P.
(b) Assume P 2 P p (G F ), i.e. N P 6 = 1 and P 6 = Z p , Z=2Z or Z 2 X I Z=2Z.
Then there is a unique nest regular tamely branching henselian valuation v on the xed eld K of P. Moreover, if T v denotes the inertia subgroup of P w.r.t. v then P : N P ] > 2 , v is anabelian (in this case N P = T v ) P : N P ] = 2 , either N P = T v and Kv is real closed or G Kv = Z 2 X I Z=2Z and 2 1 Kv( p ?1) P = N P , either N P = T v and G Kv = 1 or G Kv = Z p and p 1 Kv 27
